We show that higher-derivative q-theory in the four-form-field-strength realization does not suffer from the Ostrogradsky instability at the classical level.
Introduction
One particular approach to the long-standing cosmological constant problem 1 is
given by q-theory. [2] [3] [4] This approach is inspired by condensed matter physics and aims to describe the deep quantum vacuum without knowing the microscopic theory at the high-energy scale. The approach uses a composite (pseudo-)scalar field q(x) which can be realized in various ways. In the present paper, we consider the realization based on a four-form field strength F obtained from a three-form gauge field A.
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A direct kinetic term for the q-variable in the four-form realization has been introduced in Ref. 7 . One application of this extended q-theory with an explicit kinetic term for q is the result that perturbations around the constant equilibrium value q 0 behave like cold dark matter. 8, 9 The present paper addresses a different, more fundamental issue. Introducing a kinetic term for q results in a higher-derivative theory because q itself already contains derivatives of A. Typically, higher-derivative theories are pathological as they suffer from the Ostrogradsky instability. 10, 11 The purpose of the present paper is to determine whether or not the four-form realization of q-theory with a direct kinetic term for q is affected by the Ostrogradsky instability.
Theory
In the four-form realization of q-theory, 2, 3 the pseudoscalar field q is defined by the four-form field strength F associated with the three-form gauge field A,
where ǫ αβγδ is the Levi-Civita symbol and g the determinant of the metric g αβ . We employ the convention ǫ 0123 = −1, the metric signature (− + ++), and natural units with c = = 1. For flat spacetime, we use the standard Cartesian coordinates and the standard Minkowski metric,
We also define antisymmetrization without normalization factors, for example,
we then obtain q in terms of A and g,
with the spacetime dependence of the fields shown explicitly. We consider the action from Ref. 7 , which includes a direct kinetic term for q,
where, in the functional of the last expression, we keep spatial derivatives of A implicit and assume A without indices to stand for the collection of all components A αβγ . We take G(q) > 0, C(q) > 0, and ǫ(q) in the action (2.4) to be even functions of q, in order to have a manifestly parity-conserving theory. We further assume ǫ(q) to be a polynomial in q 2 , which is bounded from below (ǫ ≥ const) and nonconstant (dǫ/dq = 0). The gauge fields A(x) are considered to have finite spacetime support (see Sec. 4.2 for further discussion). It is relevant for the analysis below that the action (2.4) is invariant under gauge transformations of the following form:
for arbitrary (not necessarily infinitesimal) gauge functions λ βγ (x).
Ostrogradsky instability
Let us start with a brief review of the Ostrogradsky instability. 10, 11 To this end, consider a single higher-derivative harmonic oscillator as a model for typical higherderivative theories, as discussed in Ref. 11 . Note that this model suffices to discuss the most important aspects of the Ostrogradsky instability. In particular, it is not necessary to consider a field-theoretic model, since the results are the same qualitatively. The reason is that the Ostrogradsky instability is exclusively associated with higher-order time derivatives and not with higher-order spatial derivatives.
Specifically, take the following Lagrangian 11 of a higher-derivative harmonic oscillator:
where the overdot stands for the derivative with respect to time t and where ε, m, and ω are finite positive parameters. The equation of motion from the Lagrangian (3.1) contains time derivatives of x(t) up to fourth order,
Therefore, four initial-data inputs are needed to uniquely specify a solution. This implies that there are four canonical variables which can be chosen as follows:
3a)
The canonical Hamiltonian is given by the usual Legendre transformation with respect to these canonical variables,
From expression (3.4), it is clear why the higher-derivative harmonic oscillator is unstable. The Hamiltonian H is, namely, linear in the canonical momentum P 1 , which typically allows for runaway solutions as soon as we add interaction terms to L (for example, a term −λ x 4 ). Both the P 1 Q 2 term and the rest of the Hamiltonian H can then grow arbitrarily large, while H stays constant. This is how the Ostrogradsky instability reveals itself at the classical level.
In order to formulate a quantized theory of the higher-derivative harmonic oscillator, note that the general solution of the classical equation of motion can be written as
These last results show that quantization can proceed in the usual way by introducing creation and annihilation operators. There are then two degrees of freedom with opposite energies as can be seen from the expression (3.6). (A noncanonical quantization scheme 11 is not considered here, as it leads to problems with unitarity.) Now suppose that we add interactions to L. Then, positive-energy and negative-energy degrees of freedom will inevitably interact with each other, as x carries both of them. Therefore, the vacuum will decay into pairs of positive-energy and negativeenergy degrees of freedom. This is a manifestation of the Ostrogradsky instability at the quantum level.
Classical stability of higher-derivative q-theory
As mentioned in the previous section, the Ostrogradsky formalism is sensitive to higher-order time derivatives but not to higher-order spatial derivatives. The action (2.4), with a kinetic term proportional to ∇ β q ∇ β q, contains both higher-order time derivatives and higher-order spatial derivatives. However, the special form of q, namely q ∝ ǫ αβγδ ∂ α A βγδ , implies that the only time derivative in q is the one of the gauge-field component A 123 (the other gauge-field components A 213 , A 231 , etc. are the same as A 123 up to a factor ±1). Therefore, the higher-order time derivatives in (2.4) are associated with A 123 only. In short, we have
where, again, spatial derivatives of A are kept implicit and A without indices stands for the collection of all components A αβγ . We can now proceed in two ways.
Gauge choice with nonvanishing A 123
As we are dealing with a gauge theory, we have to fix a gauge before we can start calculating physical quantities. To this end, we choose a gauge in which the component A 123 does not vanish. Specifically, our gauge choice is
leaving A 123 as the only nonvanishing component of A. This gauge can be obtained by a gauge transformation (2.5) with the following parameters:
3)
Classical stability of higher-derivative q-theory ... 5
where the integral runs over a finite interval for gauge fields A with finite temporal support. For simplicity, we first neglect gravity, G(q) = 0. With the gauge choice (4.2) and flat Minkowski spacetime, expression (2.3) gives
The first step is now to identify the canonical variables and to calculate the Hamiltonian in terms of these canonical variables, with all explicit time derivatives eliminated.
11 There are two canonical coordinates Q i with associated momenta P i , for i = 1, 2, since the Lagrangian (4.1) depends on the first and second time derivative of A 123 . Introducing factors of −3! for convenience, we find
5b)
where δS/δq in (4.5b) follows from (2.4) with vanishing Ricci curvature scalar, R = 0. The quantity µ defined by (4.5b) turns out to be a constant, as will be explained below. The canonical Hamiltonian now reads
The Hamiltonian H is conserved and coincides with the energy derived from the gravitational energy-momentum tensor. We see that the Hamiltonian H from (4.6b) is linear in the canonical momentum P 1 , just as the Hamiltonian H of the higher-derivative harmonic oscillator discussed in Sec. 3. For the present case, however, the result (4.5b) and the A field equations 7 imply that P 1 is constant,
Therefore, no runaway solutions are possible. More precisely, the conservation of H and the result (4.7) make that Q 2 and P 2 do not grow arbitrarily large in time. In order to see this explicitly, note that the Hamiltonian (4.6b) is bounded from below for a fixed constant value of P 1 . In particular, the terms P 1 Q 2 and ǫ(Q 2 ) from the integrand of (4.6b) can be combined into an effective potential ǫ eff,P1 (Q 2 ) ≡ ǫ(Q 2 ) + P 1 Q 2 , which is a polynomial in Q 2 and bounded from below. Recall that, by assumption, ǫ(Q 2 ) is a nonconstant polynomial in (Q 2 ) 2 , which is bounded from below. Hence, if Q 2 or P 2 were to grow arbitrarily large, this would contradict the conservation of H. In contrast to Q 2 and P 2 , the canonical coordinate Q 1 is allowed to grow arbitrarily, as it does not appear in H. However, no physical quantity will directly depend on Q 1 , since Q 1 ∝ A 123 is gauge-noninvariant. Consequently, the result (4.7)implies that the linear appearance of P 1 in H does not lead to a dynamical instability. From (4.7) also follows that the quantity µ defined by (4.5b) is spacetime independent. Next, consider the case with standard gravity, G(q) = G N = 0. Similar arguments as the ones given above show that the Hamiltonian is linear in a single canonical momentum. It can be shown that this canonical momentum is proportional to (1/ √ −g) δS/δq. Again, this is exactly what is required to be constant by the equations of motion for A, now with gravity present.
7 Therefore, also for the case with gravity, the term of the Hamiltonian with the linearly appearing canonical momentum can be absorbed into a well-behaved effective potential, implying that the Ostrogradsky instability is absent. The absence of the Ostrogradsky instability for the extended q-theory (2.4) in the gauge (4.2) can be illustrated by considering a modified version of the higherderivative harmonic oscillator discussed in Sec. 3. Consider the modified Lagrangian L mod which is obtained from L, as given in (3.1), by omitting the term without time derivatives,
This modification is motivated by the fact that A 123 never appears without a time derivative in the action (2.4), the reason being gauge invariance. Hence, we have, for the gauge (4.2), the following arguments of the Lagrangian:
Switching from L to L mod has no effect on the canonical variables, since the canonical variables are completely determined by the terms with time derivatives. As a result, the canonical Hamiltonian H mod is still linear in the canonical momentum P 1 . However, the equation of motion derived from L mod [given by (3.2) indeed a shift symmetry [x(t) → x ′ (t) = x(t) + b for an arbitrary constant b], which prevents Q 1 = x from appearing in any physical quantity. Therefore, the same argument as given above shows that the modified higher-derivative harmonic oscillator with Lagrangian (4.8) is not affected by the Ostrogradsky instability, as long as the shift symmetry is imposed.
Gauge choice with vanishing A 123
In order to see what happens if the component A 123 associated with the higherorder time derivatives is gauged away, we will now consider an alternative gauge choice. Specifically, take the following gauge:
which, for flat spacetime, leads to
This gauge can be obtained by a gauge transformation (2.5) with 12) where the integral runs over a finite interval for gauge fields A with finite spatial support (a physical context is provided by the q-ball solution, which has q ≈ q 0 = 0 in the interior region and q = 0 in the exterior region corresponding to absolutely empty space, as discussed in Ref. 7) . The possibility to gauge away all higher-order time derivatives of the Lagrangian suggests that the theory does not suffer from the Ostrogradsky instability. We will now explicitly show that this is indeed the case. As no higher-order time derivatives are associated with A 023 , there is only one canonical coordinate Q with associated momentum P . Introducing a factor of 3! for convenience, we find
The Lagrangian L depends at least quadratically on both Q and P . Therefore, the canonical Hamiltonian H, obtained by a Legendre transformation with respect to Q and P , will not be linear in any canonical variable. At this point, we might be tempted to conclude that the theory is not affected by the Ostrogradsky instability, but there is a subtlety.
For flat Minkowski spacetime, we write H in terms of q and perform an integration by parts,
(4.14)
In comparison with the Hamiltonian H from (4.6c), the term −µq of the integrand is missing. For typical nonequilibrium solutions of q-theory, this −µq term generates a nonconstant contribution to H implying that H is not conserved. 3, 8 Here, µ is defined as in Sec. 4.1, namely µ ≡ −δS/δq, so that µ is constant by the A field equations. In principle, the instability could hide in this nonconservation of H. Furthermore, it is rather unusual that the Hamiltonian depends on the gauge choice. In electrodynamics, for example, the Hamiltonians derived in different gauges differ merely by a total derivative (cf. Sec. 3.
of Ref. 12).
Regarding the difference between H and H, we note that the −µq term is indeed a total derivative in the gauge with A 1βγ = 0. The reason is that µ is constant and q ∝ ∂ 1 A 023 ∝ ∂ 1 Q. However, as already mentioned in the previous paragraph, typical solutions of q-theory are such that the spatial integral over q ∝ ∂ 1 A 023 does not vanish. Consequently, H and H do not usually coincide in q-theory. In particular, this implies that H differs from the energy derived from the gravitational energymomentum tensor, while it does generate the correct time evolution for Q and P . The discrepancy between H and the conserved energy is not really problematic, as the defining property of the canonical Hamiltonian is that it generates the time evolution of the canonical variables and not that it is conserved. It does, however, prevent us from deciding whether or not the theory is unstable.
We can now solve this problem of the nonconservation of H by simply adding the −µq term,
with the constant µ as discussed a few lines below (4.14). This addition is allowed since the −µq term is a total derivative according to (4.11) and total derivatives do not affect the time evolution of the canonical variables. In this way, we arrive at a Hamiltonian which is conserved in flat Minkowski spacetime and which contains a term linear in the canonical variable Q, namely the −µq term. But the linear term −µq does not lead to an instability, if we consider this linear term together with the potential term ǫ(q) and recall the assumptions on ǫ(q) as stated in Sec.
2. (In a general spacetime, −µq must be replaced by − √ −g µq. Here, µ is given by −(1/ √ −g) δS/δq, as this combination is constant by the A field equations in a general spacetime. Adding the spatial integral of − √ −g µq to H still amounts to adding the integral of a total derivative to H, as q is proportional to 1/ √ −g, and the same conclusion holds for general spacetimes as for flat spacetime.) Hence, also in the gauge (4.10), we conclude that the Ostrogradsky instability is absent.
Discussion
In the present paper, we have shown that the four-form realization of q-theory with a kinetic term for q is free from the Ostrogradsky instability. We have derived this result in two different gauges. The fact that the "chemical potential" µ (using the terminology from Ref.
2) is constant has been crucial for both derivations. With the gauge A 0βγ = 0, a constant µ implies that the canonical momentum appearing linearly in the Hamiltonian is constant. With the gauge A 1βγ = 0, the required −µq term for a conserved Hamiltonian is a total derivative only if µ is constant.
Note that the treatment up till now has been completely classical. At the quantum level, the Ostrogradsky instability typically leads to an additional propagating degree of freedom which carries negative energy, as discussed in Sec. 3. Deciding whether or not a quantized higher-derivative q-theory exhibits the corresponding vacuum-instability problem requires further study, because we do not yet have a quantized q-theory at our disposal. (It is also possible that the quantized theory requires a detailed knowledge of all microscopic degrees of freedom.) Still, we expect the quantized theory corresponding to the action (2.4) not to have negative-energy propagating degrees of freedom. The reason is the following. Consider flat Minkowski spacetime with the constant equilibrium solution q 0 for the q-field and the corresponding fixed value µ 0 for µ (see below for the precise relation). A linear perturbation φ(x) of this constant solution q 0 is defined by q(x) ≡ q 0 + φ(x)/ C(q 0 ) . This scalar field φ(x) then satisfies the following Klein-Gordon equation: .3) have precisely the same formal structure as in the case of a fundamental scalar field.
7, 8
The last observation suggests that quantizing the four-form realization of q-theory with a kinetic term for q leads to one propagating degree of freedom only, in contrast to what we expect from a typical higher-derivative theory. If this is indeed correct, and if µ remains constant in the quantized theory, we arrive at the following scenario. Theories suffering from the Ostrogradsky instability typically contain two propagating degrees of freedom with opposite energies, so that the vacuum can decay into pairs of positive-energy and negative-energy degrees of freedom. In our case, however, there is only one propagating degree of freedom. The additional degree of freedom represented by µ is nonpropagating and does not lead to a dynamical instability.
